An improved one-dimensional (1D) model-compared to previous work by the authorsis proposed, which is able to predict the acceleration and shortening of a single liquid slug propagating in a straight pipe with a downstream bend. The model includes holdup at the slug's tail and flow separation at the bend. The obtained analytical and numerical results are validated against experimental data. The effects of holdup, driving pressure and slug length are examined in a parameter variation study. [DOI: 10.1115/1.4029794]
Introduction
Isolated liquid slugs traveling in pipelines form a potential danger that needs to be assessed. The slugs may accelerate to high velocities and damage pipe anchors and hydraulic machinery when hitting obstructions like bends and valves. The impact force is proportional to the square of the slug's speed, and the impact duration is proportional to the slug's length and inversely proportional to its speed. Therefore, a good assessment of both speed and length is essential in risk and postaccident analyses.
A thoughtful analysis based on physical principles, simple examples, and parameter variation is presented. This approach leads to more insight than the straightforward use of standard software and usually gives more clues on how to fix problems or adjust system behavior. A literature review of the subject has been given in Ref. [1] . An alternative derivation (using Leibniz's rule) and refinement of the 1D model used in Refs. [1, 2] is presented in the Appendix. The refinement is that-in the equation of motion-the slug velocity is not taken uniform, but linearly increasing from front to tail. Symbolic solutions are provided for slugs in inclined pipes driven by a constant pressure difference. The results of numerical simulations are compared with the laboratory measurements presented in Ref. [3] .
Slug Motion
Consider the schematized liquid slug traveling at speed v in a straight pipe with circular cross section A as sketched in Fig. 1 . The planar front is at position x 1 and the planar tail is at position x 2 . The pressure is P 1 at the front of the slug and P 2 at its tail. The traveling slug leaves liquid behind which is referred to as holdup (or mass shedding). The amount of holdup is proportional to a coefficient b to be defined later. The slug has mass m, length L, and constant density q related by
For the sake of clarity, three propulsion and four resistance mechanisms are identified. These are:
Propulsion:
(1) When there is a positive pressure difference between slug tail and front, and there is no holdup, the slug accelerates according to a ¼ (P 2 À P 1 ) A/m. (2) When there is no pressure difference between slug tail and front, but there is stationary holdup, the slug acceleration is a ¼ À(v/m) dm/dt; that is, both a and v increase because m decreases. (3) Gravity in downward sloping pipes (with angle h) gives an acceleration a ¼ g sinh.
Resistance:
(1) Gravity in an upward sloping pipe (2) Skin friction and turbulence (3) Pressure build-up in front of the slug due to entrapped air upstream (this may even cause a negative pressure difference) (4) The slug may pick up additional liquid on its way.
The slug may break up because of obstacles and/or air entrainment. It is not (yet) clear what the effect of air entrainment on slug acceleration is.
To explain the key mechanisms of slug motion two idealized cases are considered, before introducing the 1D model developed in this paper.
Frictional Acceleration Without Holdup. For a slug driven by a constant pressure difference and gravity, and opposed by quasi-steady turbulent friction, the governing equation is where L 0 is the initial slug length which remains constant when there is no holdup. The analytical solution is [4, 5] 
with
The distance traveled from x(0) ¼ 0 is
Slug arrival times follow from the inverse of relation (4a)
The velocity of the slug when it has traveled a distance L pipe (length scale of the pipeline) is derived from Eqs. (3) and (4b) as
The formulas (3)- (5) provide insight in the time and length scales involved, give order-of-magnitude estimates, and they can be used to validate numerical solutions.
Frictionless Acceleration With Holdup. Even if there is no pressure difference across the slug and the pipe is horizontal, a moving slug will accelerate when it loses mass. This selfpropulsion is similar to that of a space rocket and the same governing equation applies [6] 
It is assumed that the holdup is stationary, meaning that it has zero velocity, so that its velocity relative to the slug is Àv and the acceleration is maximal. Substituting Eq. (1) in Eq. (6) gives
where v 1 and v 2 are the velocities of the slug front and tail, respectively, (Fig. 1 ) and L ¼ x 1 À x 2 . Replacing the velocity v in dv/dt on the left by the centroid velocity (v 1 þ v 2 )/2 and the velocity v on the right by v 1 , one obtains
The expressions with b are for later use.
Frictional Acceleration With Holdup. The combined model (roughly Eqs. (2) and (7)) is derived in the Appendix. In terms of the slug front velocity v 1 , slug length L, and slug front position x 1 , the governing equations read
The holdup coefficient b is assumed to be constant and defined such that the cross-sectional area of the liquid layer that is left behind is b A (Fig. 2) . The holdup coefficient determines the slug's life time and travel length. Equation (9a) is consistent with Eq. (2), where b is zero and consequently L is constant. Equation (9a) is consistent with Eq. (7) (up to first-order in b and depending on the choices for v and dv/dt, see the Appendix). Equations (9a) and (9b) can be combined into one strongly nonlinear secondorder ordinary differential equation (ODE) for L, but there is no obvious advantage when the equations are solved numerically. Equation (9a) is an improvement with respect to previous work by the authors [1, 2] , in the sense that the factors containing b make the inertia and friction terms more accurate. The first term on the right (the holdup term) lacks the factor two obtained initially by one of the authors [7] , who had assumed that the velocity in the entire control volume between x 1 and x 2 in Fig. 2 was equal to the front velocity of the slug. Dealing with an accelerating control volume that loses mass is tricky and a proper interpretation of the involved slug dynamics definitely helps understanding the mathematical model and its peculiarities.
Integration of Eq. (9b) leads to
where LðtÞ ¼ x 1 ðtÞ À x 2 ðtÞ, L 0 :¼ Lðt 0 Þ, and L pipe ¼ x 1 ðtÞ À x 1 ðt 0 Þ is the distance traveled by the slug front. This formula is different from the one given in Ref. [1] , where the slightly larger distance traveled by the slug tail was considered. An analytical solution is derived as follows. Take a constant pressure difference
Consider dL=dt as a function of slug length L. That is, d L=d t :¼ wðLÞ < 0, so that
Equation (11) then becomes a linear ODE for w Transactions of the ASME
The solution for the initial condition
Using Eqs. (9b) and (10), the solution for v 1 as a function of L pipe is
The corresponding formula for f > 0 and h ¼ 0 is in terms of incomplete gamma functions
where (10) 
In dimensionless form this formula reads
where
is the final (t ¼ 1) velocity of the slug when there is no holdup (b ¼ 0). The general case f > 0 and h 6 ¼ 0 is presented in the Appendix.
After Arrival at the Elbow. The theory presented so far is used to predict the velocity and length of the slug at the instant it arrives at an obstacle, such as an elbow, located at a distance L pipe downstream. In Ref. [1] , it was demonstrated that flow separation occurs at the elbow (Fig. 3) , and that this can be modeled by switching on an additional "resistance" in Eq. (9a). Given that the time of arrival of the slug front at the elbow's entrance and exit is t 1 and t 2 , respectively, and L e is a representative length of the elbow, then the governing equation for a straight pipe terminated by an open elbow (P 1 (t) 0) is obtained as Eq. (9a) with a modified driving pressure, i.e., P 2 ðtÞ À P 1 ðtÞ ¼ P 2 ðtÞ À 1
where C c is the flow contraction coefficient at the elbow, K e is the elbow's minor loss coefficient, and H is the Heaviside step function. The build-up of the additional resistance is assumed to take place linear in time, where the time interval t 2 À t 1 is approximated by ðL e þ L front ðt 1 ÞÞ=v 1 , where L front is the axial length of a wedge-shaped slug-front (L front ðt 0 Þ in Fig. 4(b) ). This front will steepen during traveling. The fraction containing the Heaviside functions is replaced by unity for instantaneous impacts (t 2 ¼ t 1 ) [1] , in which case closed-form solutions can be derived (not presented herein).
Numerical Integration
Numerical integration is required when the pressure difference P 2 À P 1 is not constant but given by measured or calculated (using gas dynamics) values. It is also required when the pipe slope is not constant, or the slug front is wedge-shaped and hitting the elbow gradually (t 2 6 ¼ t 1 in Eq. (18)). The governing equations (9) can be casted in the standard form Journal of Pressure Vessel Technology FEBRUARY 2016, Vol. 138 / 011301-3
The local stability of the solutions is investigated through the Jacobian matrix J of f with respect to y. Any suitable numerical integration scheme can be used to solve Eq. (19). The explicit Euler method will do the job if the time step Dt is taken sufficiently small; the modulus of the (complex valued) eigenvalues of I þ DtJ must then be smaller than 1 [8] .
Laboratory Experiment
The experimental setup described in Ref. [3] is used as test problem. It can be regarded as an air gun carrying a water bullet. The key part is a 12 m long inclined (h ¼ À0.08 rad ¼ À4.6 deg) pipe of 0.1 m diameter leading upwards to an open 85.4 deg miter bend (i.e., 94.6 deg turning angle) with an 0.4 m long vertical leg downward, see Fig. 4(a) . A slug of water is at rest in the lower elbow (see Fig. 4(b) ), before it starts to accelerate due to a suddenly applied pressure provided by compressed air from an 0.5 m 3 tank (Fig. 5(a) ). Initial slug lengths were L 0 ¼ 3, 4, 5, or 6 m undergoing driving pressure differences of DP ¼ 2, 3, 4, or 5 bar. It is noted that the driving pressure in the laboratory experiments was not constant but decreased (gradually) by an estimated 10%. The slug impact pressure was measured at one location, namely, the intersection of the pipe central axis and the miter bend ( Fig. 5(b) ).
Parameter Variation Study
Here, we ignore the pipe inclination, the wedge-shaped slug front and the upper elbow. The pipe diameter is taken ten times smaller (D ¼ 0.01 m) to enhance the effect of friction. The slugs are allowed to travel as far as they can, until they vanish, say at L ¼ D. This normally is the lower limit of 1D theory, where things are long and slender, and it certainly is the point where the planar front and tail have smeared out so much that the liquid slug does not occupy the full pipe cross section anymore. The travel length L v up to this point is found from Eq. (10) by taking The influence of the holdup (coefficient) is examined through the slug velocities in Fig. 6 . Holdup slightly decreases the fast initial acceleration and largely increases the slow final acceleration. The five different lines meet at nearly the same (inflection) point. Because the governing equations are strongly nonlinear, not much can be said about this most interesting point. The inflection point marks the division of two regimes: one of large acceleration before it, and one of moderate acceleration (due to holdup) after it. Without holdup the flow becomes steady. The value of the velocity at the inflection point is more or less independent of the holdup and only depends on friction and inertia. This velocity is therefore very close to v 1 defined in Eq. (3). Beyond the inflection point, holdup becomes important because the mass lost per unit time increases with velocity (Eq. (A1)) and becomes large compared to the decreasing slug mass, see Eqs. (6) and (8) .
The corresponding acceleration histories are shown in Fig. 7 .
where the factor ð1 À bÞ=ð1 À b=2Þ is 1 for b ¼ 0 and 8/9 for b ¼ 0.2. The value 8/9 accounts for the nonuniform velocity distribution (because v 1 6 ¼ v 2 ).
Validation
In the simulation of the laboratory experiment [3] , the upper elbow is taken into account with a length of say L e ¼ D. When the wedge-shaped slug front (Fig. 4b) reaches the elbow at t ¼ t 1 , the slug starts to experience an additional resistance according to Eq. (18). The estimated distance traveled by the slug front before it arrives at the elbow is 9.5 m (and 7.4 m) for case 1 (and case 2). The input values for the simulations are: pipe diameter [9, 10] , slug front length L front (t 1 ) ¼ 3D, friction factor f ¼ 0.016, inclination angle h ¼ À0.08 rad, mass density q ¼ 1000 kg/m 3 , gives an impact pressure of 20 bar. The pressure within the elbow is strongly nonuniform, both along and perpendicular to streamlines [11] . Here, we take the conservative estimate P e ¼ qv 
Conclusion
A refined 1D model for slug propagation has been derived and analytical solutions are given for the case that the driving pressure and pipe slope are constant. Analytical solutions for limit cases (b ¼ 0 and f ¼ 0) provide useful guidance. The model was able to correctly predict trends and magnitudes in measured data, although for long slugs the impact pressures were systematically underestimated.
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Appendix: Derivation of Governing Equations and Analytical Solutions
The moving liquid slug loses mass at its tail at a rate proportional to the distance traveled and leaves behind a liquid layerthe holdup-occupying a constant fraction b A of the pipe cross-sectional area A. The pipe has a downward angle of inclination h.
Conservation of Mass. The moving mass balance is ( Fig. 1 Analytical Solution. An analytical solution can be derived for v 1 when the pressure difference P 2 À P 1 > 0 is constant, h is constant and 0 < b < 1. Equation (A4) is used to eliminate v 1 from Eq. (A10), so that
Define dL=d t :¼ wðLÞ < 0, a :¼ 2 1 À bÞ=ð1 À b=2 ð Þ , and
, use Eq. (12), and find the following linear first-order ODE for w
The solution for the initial condition wðL 0 Þ ¼ 0
is in terms of upper incomplete gamma functions C. The slug length L is replaced by L 0 À b=ð1 À bÞL pipe (Eq. (10) function of the distance traveled by the slug front). The symbolic formula (16) for v 1 (instead of w 2 ) follows then directly from Eq. (A4).
